ABSTRACT. In this paper we address two problems concerning a family of domains MΩ(µ) ⊂ C n , called Cartan-Hartogs domains, endowed with a natural
INTRODUCTION
This paper deals with the 1-parameter family of domains M Ω (µ) ⊂ C n , called Cartan-Hartogs domains, endowed with a natural Kähler metric g(µ) (see next section for details). Cartan-Hartogs domains have been considered by several authors (see [22] and references therein) and are interesting from many points of view. With the exception of the complex hyperbolic space which is obviously homogeneous, each Cartan-Hartogs domain (M Ω (µ), g(µ)) is a noncompact, nonhomogeneous, complete Kähler manifold. Further, in [22] (see also [28] ) it is shown that for a particular value µ 0 of µ, g(µ 0 ) is a Kähler-Einstein metric. In the joint work with A. Loi [18] the author of the present paper shows that (M Ω (µ 0 ), g(µ 0 )), represent the first example of complete, nonhomogeneous Kähler-Einstein metric which admits a holomorphic and isometric immersion f into the infinite dimensional complex projective space CP ∞ , i.e. f * g F S = g(µ), where g F S denotes the Fubini-Study metric on CP ∞ .
In this paper we study two problems. In the first one we investigate for what choices of µ and of the basis domain Ω, the metric g(µ) on the Cartan-Hartogs domain M Ω (µ) is extremal in the sense of E. Calabi (cfr. [5] ). Extremal metrics on compact Kähler manifolds have been largely studied by many mathematicians, in particular concerning the problem of existence and uniqueness in a given Kähler class (see [7] , [8] ) and the relationship between the existence of extremal metrics and the stability of the corresponding polarized manifold (see e.g. [9] , [10] , [21] , [24] , [25] , [26] ). In [3] and [14] examples of manifolds which admit no extremal metrics are given. In the noncompact case the existence and uniqueness of such metrics are far from being understood and many question are still open. In [6] it has been shown the existence of a nontrivial (namely with nonconstant scalar curvature) extremal and complete Kähler metric in a complex one-dimensional manifold. In [20] it is shown that the only extremal metric on a strongly pseudoconvex Hartogs domain is the hyperbolic metric. The following theorem, which is the first main result of this paper, generalizes this result for Cartan-Hartogs domains:
extremal if and only if is Kähler-Einstein.
The second problem we deal with concerns Engliš expansion of the Rawnsley ε-function (see Section 4 for details) associated to (M Ω (µ), g(µ)). In [11] M. Engliš proves that any strongly pseudoconvex bounded domain of C n with real analytic boundary admits an asymptotic expansion of the ε-function, whose smooth coefficients a j , j = 0, 1, . . . , are computed in [12] up to j = 3. Such expansion is equivalent to the Tian-Yau-Zelditch expansion of Kempf's distortion function
. . , for polarized compact Kähler manifolds (see Zelditch [27] and also [1] , [13] and [16] ), which plays a fundamental role in the geometric quantization and quantization by deformation of a Kähler manifold, important both from the physical and geometrical point of view. In the joint work with A. Loi [17] , the author of the present paper studies when the ε-function of Cartan-Hartogs domains is constant. More precisely, it is proven that the ε-function is constant if and only if (M Ω (µ), g(µ)) is holomorphically isometric to the complex hyperbolic space. It is natural to study metrics with coefficients a j 's of Engliš expansion prescribed (cfr. [15] ). In a recent paper [19] A. Loi and F. Zuddas proved that the Engliš expansion's a 2 coefficient of a 2-dimensional strongly pseudoconvex Hartogs domain is constant if and only if the domain is holomorphically isometric to the complex hyperbolic space. The second main result of this paper is the following theorem, where we prove a similar statement for Cartan-Hartogs domains:
Observe that we believe the converse is not in general true. More precisely, we conjecture that the coefficient a 2 of Engliš expansion of the ε-function associated to g(µ) is constant iff (M Ω (µ), g(µ)) is biholomorphically isometric to the complex hyperbolic space.
The paper includes three other sections. In the first of them we compute the curvature tensor, the Ricci and the scalar curvature of a Cartan-Hartogs domain (M Ω (µ), g(µ)) in terms of those of the bounded symmetric domain Ω it is based on. In Section 3 we recall the definition of extremal metrics and prove our first result, Theorem 1. Finally, in the last one we recall the definition of ε-function and prove our second result, Theorem 2.
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KÄHLER GEOMETRY OF CARTAN-HARTOGS DOMAINS
From now on we denote with greek letters the indices ranging from 1 to d + 1 and with roman letters those going from 1 to d. Further, given a coordinate system (z 1 , . . . , z d , w) centered at a point p ∈ M Ω (µ), we identify z d+1 with w. Finally, let us denote with indices w,w the d
Let (Ω, g B ) be an irreducible bounded symmetric domain of C d of genus γ, endowed with its Bergman metric g B , i.e. the metric whose associated Kähler form is
Here N = N(z, z) denotes the generic norm of Ω defined by:
where V (Ω) is the total volume of Ω with respect to the Euclidean measure of C d and K(z, z) is its Bergman kernel (see e.g. [2] for more details). Recall that g B is a Kähler-Einstein metric, thus up to multiply by a positive constant we have:
Define the family of Cartan-Hartogs domains (M Ω (µ), g(µ)), depending on the positive real number µ and based on Ω, to be the domains of C d+1 defined by:
and endowed with the Kähler metric g(µ) described by the (globally defined) Kähler potential centered at the origin:
i.e. the Kähler form associated to g(µ) is given by
By (2) we have:
which give rise to the following matrix:
where the upper left block is
A long but straightforward computation yields the following identity, true up to multiply by a positive constant:
Further, if g jk Ω(µ) and g(µ) jk denote respectively the (j, k)-entry of the inverse matrices of g Ω(µ) and g(µ), we have:
The following lemmata give the local expression of the Ricci and the scalar curvature of g(µ). Recall that the local components of the Ricci curvature Ric g and the scalar curvature κ g of a Kähler metric g on a d + 1-dimensional complex manifold are given in local coordinates respectively by:
Lemma 3. The Ricci tensor of a Cartan-Hartogs domains is given by
Proof. By direct computation, it follows by (4) and (6) that in local coordinates the Ricci tensor of g(µ) reads:
Lemma 4. The scalar curvature of a Cartan-Hartogs domain
) is given by:
Proof. By (7) and (8) we get:
Conclusion follows by (5). Proof. By (9) (1)) ≃ CH d+1 , g hyp . Finally, once set Ω = CH d and µ = 1 in (9), one recovers the scalar curvature of (CH d+1 , g hyp ), namely κ g hyp = −(d + 1) (d + 2).
Remark 7.
Being a bounded symmetric domain (Ω, g B ) a Kähler-Einstein manifold, in our notation we have
is a constant, which for Ω = CH d and µ = 1 is equal to 2d(d + 1).
We conclude this section with the following lemma needed in the proof of Theorem 2, which gives the expression of the norm of Cartan-Hartogs domains' curvature tensor evaluated at any point (0, w) ∈ M Ω (µ) ⊂ Ω × C.
Lemma 8.
The norm with respect to g(µ) of the curvature tensor R of a CartanHartogs domain (M Ω (µ), g(µ)) when evaluated at any point (0, w) ∈ M Ω (µ) ⊂ Ω × C is given by:
where R g Ω(µ) and κ g Ω(µ) are respectively the curvature tensor and the scalar curvature of (Ω, g Ω(µ) ).
Proof.
Recall that, by definition, the curvature tensor and its norm read:
for all α, β, η, τ = 1, . . . , d + 1,
where we denote by g(µ) αζη , g(µ) αβητ respectively, the derivatives ∂g(µ) αζ /∂z η , ∂ 2 g(µ) αβ /∂z η ∂z τ . Observe that the generic norm N of a bounded symmetric domain evaluated at (0, w) is a positive constant which can be chosen to be 1. Further, N is a polynomial which does not contain monomials in the variable z orz alone (see e.g. [18, Prop. 7, p. 4]), thus in particular, the derivatives of N µ which are taken only in the holomorphic or only in the antiholomorphic variables, vanish when evaluated at (0, w). It is then easy to see that the mixed components of the inverse of g(µ)
vanishes at (0, w) (cfr. (3)), namely g(µ) jw z=0 = g(µ) wk z=0 = 0. Thus, for our computation of (12) and (13), we do not need to consider the terms of the sums which present such mixed components. In particular, this allows us to write (12) as:
In order to give an explicit expression of |R| 2
z=0
, we need to see how the derivatives of the metric and its inverse look like when evaluated at (0, w). First, it follows easily by (1), (3) and (5) (and by the discussion above) that:
ww z=0
Further the nonvanishing third order derivatives of g(µ) at (0, w) are
Observe in particular that we get zero in the following cases:
The fourth order's read:
Depending on how many times the term w appears, we have five kinds of tensors (14) . Those of type R ijkl can be written as:
where we used (18), (16), (20) , applied definition (12) to g Ω(µ) and considered the identity
By applying (18), (19) and (21), the tensors of type R wjkl (and similarly those of type R jwlk ), can be written as:
, it follows easily the identity:
which implies:
Thus we have:
The tensors of type R wwkl are given by:
where the first equality follows by (16) , (19) and (22), while the second one by the identity:
which is an immediate consequence of (25) . Finally, the tensors where w appear three times vanish by (19) and (23), i.e.
while the ones with only w terms by (15) , (17), (19) and (23) read:
In order to compute the norm (13) recall that, besides all terms which contain mixed components of the inverse of g(µ), we can delete from the sum the terms containing R wwwl or one of its permutation, which vanishes by (28) , as well as the terms which present derivatives only in z or only inz. Thus we get:
By (15), (24) and (25) one has:
Furthermore, by (15) , (25) and (27), we get:
and by (15) and (29), we have:
Substituting (31), (32) and (33) in (30) we finally get:
as wished.
EXTREMAL METRICS ON CARTAN-HARTOGS DOMAINS
The notion of extremal metrics on compact Kähler manifolds has been introduced by E. Calabi [5] as solutions of a variational problem involving the integral of the scalar curvature. In this sense they are a natural generalization of Kähler-Einstein and constant scalar curvature metrics. In the noncompact case they can be defined as those metrics whose (1, 0)-part of the Hamiltonian vector field associated to the scalar curvature is holomorphic, notion which is equivalent for compact manifold to be extremal in the variational sense. Fixing local coordinates (z 1 , . . . , z d+1 ) on a neighbourhood of a point p belonging to a d + 1-dimensional complex manifold M endowed with a Kähler metric g, the extremal condition is given locally by the following system of PDE's (see [5] ):
for all α, η = 1, . . . , d + 1.
We prove now our first result, Theorem 1.
Proof of Theorem 1. By Lemma 4 and Corollary 5 it is enough to show that g(µ)
is not extremal for all µ = d+1 γ . Assume that µ = d+1 γ . Then by (9) the scalar curvature of g(µ) is not constant and we have:
Observe that by (3) we can write:
where for any matrix A we denote by A kj the matrix A deprived of the kth row and jth column. Thus, developing det(g(µ)) along the last column we get:
Using (35) together with this last identity, we get:
which is not constant unless µ = 
ENGLIŠ EXPANSION FOR CARTAN-HARTOGS DOMAINS
Let M be a n-dimensional complex manifold endowed with a Kähler metric g and let ϕ be a globally defined Kähler potential for g, i.e. ω = i 2 ∂∂ϕ where ω is the Kähler form associated to g. Consider the weighted Bergman space H α of square integrable holomorphic functions on (M, g) with respect to the measure e −αϕ ω n n! , i.e. f belongs to H α iff M e −αϕ |f | 2 ω n n! < ∞. Define the ε-function associated to g to be the function:
where K α (x, y) is the reproducing kernel of H α , i.e. K α (x, y) = j f j (x)f j (y), for an orthonormal basis {f j } of H α . As suggested by the notation it is not difficult to verify that ε αg depends only on the metric g and not on the choice of the Kähler potential ϕ (which is defined up to an addition with the real part of a holomorphic function on M ) or on the orthonormal basis chosen. In the literature the function ε αg was first introduced under the name of η-function by J. Rawnsley in [23] , later renamed as θ-function in [4] . In [11] M. Engliš proves that if M is a strongly pseudoconvex bounded domain of C n with real analytic boundary, then admits the following asymptotic expansion of ε αg , with respect to α:
where a j , j = 0, 1, . . . are smooth coefficients. In [12] M. Engliš also computes these coefficients for j ≤ 3 (we omit the term a 3 for its expression is complicated and not needed in our approach): 
